Abstract -The nonlinear analytic nodal method is formulated by combining the nonlinear iteration technique and the analytic nodal method (ANM). The ANM "two-node" kernel employs analytic solutions of the onedimensional neutron flux at the interface between adjacent nodes. For problems in which the net leakage is small and one of the nodes is "near critical", the resulting matrices are highly ill-conditioned and numerical instability problems can occur, particularly in single precision arithmetic. Two stabilization techniques were investigated to resolve the instability problem which employ alternate basis functions for near-critical nodes. The first uses the exact ANM solution for a critical node and the second employs the Nodal Expansion Method (NEM) for nodes that are near critical. Both techniques are shown to perform well, however, the solution accuracy can be mildly sensitive to the criterion used to invoke the stabilized coupling kernel.
I. INTRODUCTION
Nonlinear nodal methods 1 have been widely used to solve static and transient reactor physics problems. A well known advantage of the nonlinear method is the reduction in computer storage that results from not having to save the expansion coefficients. However, an equally important advantage is a reduction in execution time because the solution variables in the global coarse mesh finite difference (CMFD) portion of the algorithm are only the node averaged fluxes for which efficient solution schemes have been developed. Furthermore, the twonode portion of the algorithm lends itself naturally to parallel solution and when solved in conjunction with a parallel CMFD method, significant execution time reductions can be achieved with the nonlinear nodal method on multiprocessors. 2 One of principal issues in the implementation of the nonlinear nodal method is the interface current technique used in the two-node coupling relation. As discussed in the review by Lawrence, 3 two principal classes of transverse-integrated methods have been developed over the years, the polynomial and the analytic methods. In the polynomial nodal expansion methods (NEM) 4 , the transverse-integrated equations are solved by approximating the transverse-integrated flux with a truncated polynomial expansion, whereas in the analytic nodal methods (ANM) 5 the analytic solution of the one-dimensional neutron diffusion equation is used to solve the transverse-integrated equations. Because the ANM solution to the transverse-integrated equation is exact, it provides a more accurate solution than NEM, particularly when the nodal meshing is large. 3, 6 Despite the superior computational accuracy of ANM, most neutronics codes developed during the 1980's employed a two-node coupling based on NEM. [7] [8] [9] This was primarily because of the superior computational efficiency of NEM compared to ANM, however there was also some concern about the stability of the ANM solution. 10 As discussed in reference 6 and summarized later in this paper, the linear systems of the ANM twonode solution based on trigonometric and/or hyperbolic functions becomes highly ill-conditioned as the node leakage becomes small and the non-linear iteration can fail to converge for computations in single precision arithmetic. The objective of the work reported here was to develop and implement stabilization techniques for the ANM coupling kernel when used in the nonlinear nodal method.
In the following section the derivation of the ANM two-node kernel is presented, and the accuracy and stability of the ANM solution within the nonlinear nodal method is analyzed in Section 3. Stabilization techniques are then introduced in Section 4 and demonstrated using a modified NEACRP LWR benchmark problem. Finally, summary and conclusions are provided in Section 5.
II. TWO-NODE ANALYTIC NODAL KERNEL
The distribution of the neutron flux in a reactor can be obtained by solving the multi-group neutron diffusion equation. Since the primary focus of the work here is the Light Water Reactor, the following development will be simplified by using two energy groups. Using standard notations, the discretized form of the multi-group diffusion equation can be written for node n in terms of the node-average flux (φ g n ) and the surface average net currents (J gu n± ):
where
and λ= k eff 1 . The node index n will be omitted for brevity in the following presentation.
In the nonlinear nodal method, the surface average net current on the interface of any two nodes is represented by the following relation in terms of the node average fluxes of the left and right nodes:
where D g F is the base nodal coupling coefficient determined solely by the finite difference approximation of the neutron current and D g N is the correctional nodal coupling coefficient, which is determined by the two-node nodal solutions and is updated during the nonlinear iteration. The method used here to update the coupling coefficient will be described in section II.B.
The derivation of nodal kernels for the nonlinear nodal method begins with the transverse-integrated form of the neutron diffusion equation. The static transverse-integrated one dimensional two groups diffusion equations can be written:
where the transverse leakage source defined as
is assumed to be known and described by a quadratic polynomial. The transverse-integrated, one dimensional two group diffusion equations in the y, z directions can be cast in the same form.
The objective of a two-node kernel for the nonlinear nodal method is to find the correctional nodal coupling coefficient (D g N ) to be used in Eq. (3) . The current at the interface of every two nodes is expressed in terms of the group constants, the node average fluxes, the transverse leakages, and the k eff . Estimates of these quantities are provided by the solution of a CMFD problem during the course of the nonlinear iteration, and are used to update the transverse leakage source terms and constraints in the two-node problem. Upon convergence of the nonlinear iteration the interface currents of the CMFD and two-node problems are identical. The following sections present the development of the ANM coupling kernel for a two-node problem in which the k eff , the node average fluxes and the quadratic forms of the transverse leakages are provided for each of the two nodes.
II.A The Coupling Kernel Using the Analytic Nodal Method (ANM)
Smith used the analytic solution of the transverse-integrated equations as the basis for the Analytic Nodal Method (ANM). 5 The general development of the ANM for the three-dimensional, core-wide implementation is very complicated and is given in References 5 and 12. A much simpler formulation can be derived for a onedimensional two-node problem. In the following two subsections, the homogeneous and particular components of the analytic solution are derived for a two-node problem.
II.A.1 Homogeneous Solution
The analytic solution of the second order ordinary differential equation given in Eq. (4) consists of a homogeneous and a particular solution. The homogeneous solution is obtained by solving the homogeneous differential equations for which the right hand side (RHS) of Eq. (4) is zero. The solution process begins by finding the eigenvalues of the system of the two group homogeneous differential equations. Let
For a nontrivial solution, the determinant of matrix A(B 2 ) must be zero, i.e.,
In the case that coefficient of the first order term is positive (b >0), which is true in essentially all the cases of interest in thermal reactor analyses in which the thermal absorption cross section is much larger than the fast fission cross section, the two roots of Eq. 
The term inside the square root is always non-negative because it can be rewritten as:
Therefore, the second root, which will be referred to as the first harmonic buckling, B 1 2 , is a negative real number while the first root, which will be referred to as the fundamental buckling, B 0 2 , is a real number whose sign depends on the sign of c which is determined by 1−λk ∞ . These two roots are the eigenvalues of the onedimensional two-group neutron diffusion equations, Eq. (4). The fundamental eigenvalue determines the asymptotic flux shape realized away from the boundaries of a node while the first harmonic eigenvalue governs the boundary effects near the boundary. This will become evident with the benchmark problem analyzed in Section III.
There are two eigenfunctions for each eigenvalue, which are the solutions of Eq. (6) for the corresponding eigenvalue. They are sin / cos or sinh / cosh functions depending on the sign of B 2 . These trigonometric and hyperbolic functions can be represented with two generic functions defined below: 
Here the first argument signifies the mode of the eigenvalue. The homogeneous solution is then expressed as the linear combination of the four eigenfunctions, i.e., 
The first two arguments of the eigenfunctions will be omitted in the following because it is possible to make a distinction between different eigenfunctions by κ or µ appearing in the third argument.
Inserting Eq. (14) into Eq. (4) (with the RHS set to zero for the homogeneous solution) yields: 
The homogeneous solution can then be compactly written as:
This equation contains four unknown coefficients per node which will be determined in Section II.A.3 by imposing constraints on node average fluxes and the continuity of flux and current at the interface of the two-node problem.
II.A.2 Particular Solution
For a given quadratic transverse leakage approximation applicable for
where L g is the node average transverse leakage and
The particular solution of the second order differential equation would have the form:
where the third and fourth polynomial basis functions are given by:
Note that these are the basis functions used in the nodal expansion method (NEM). 3 The coefficients used in Eq. (22) are determined by substituting Eq. (22) into Eq. (4) and equating coefficients of the same order terms. Since the second order derivatives of the basis functions are
inserting Eq. (22) into Eq. (4) yields
Here the A (0) is the 2x2 matrix corresponding to a buckling value of zero. It is denoted in the following by A ∞ signifying that it corresponds to zero leakage.
For the equality to hold, each of the five different order terms should vanish in the above equation. First, the terms containing the third and fourth basis functions should satisfy
A nontrivial solution of Eq. (27) exists only when the determinant of the matrix A ∞ is zero which occurs when
Otherwise, the solutions of Eq. (27) are zero, yielding vanishing third and fourth coefficients of the particular solution. The most common case (k ∞ ≠ k eff ) is first considered in the following subsections, and then the unusual case (k ∞ = k eff ).
II.A.2.1 Particular Solution for k ∞ ≠ k eff
As discussed above, the order of the particular solution in this case is quadratic ( c g 3 = c g 4 = 0). The first three coefficients of each group is found by solving the following equations which follow from the requirement that each order term must vanish: 
The solution of Eq. (28) can be expressed as
T and is determined solely by the transverse leakage.
Note that the coefficient matrix (A ∞ ) of Eq.(28) becomes singular when the k ∞ =k eff and leads to an infinite solution. In fact, the problem of singularity can be experienced in finite arithmetic computations (especially in single precision) when the nodal k ∞ is very close to the core k eff . The determinant of A ∞ will be extremely small in this case, and the system will be ill-conditioned leading a substantial amplification of the transverse leakage in the particular solution. A finite solution is only possible if the large amplification of the particular solution is compensated by the homogeneous solution having the same magnitude but with the opposite sign. However, the compensation may not be correct due to roundoff error, which is nonnegligible in single precision arithmetic. This can result in a meaningless solution and, as will be shown in section III.B, can cause divergence of the nonlinear iteration. In the next subsection, the particular solution for k ∞ =k eff is derived such that it can prevent the potential singularity problem.
II.A.2.2 Particular Solution for k ∞ = k eff
With k ∞ = k eff , the fundamental-mode buckling of the node is zero which means there is no net leakage out of this node. All the neutrons coming into the node through the transverse leakage source must leak out through the x-direction, and in this sense, the node can be referred to as "critical". The derivation of the particular solution for the critical node begins with noting that the two equations in Eq. (4) (one for each group) are no longer linearly independent.
Since the determinant of A ∞ is now zero, the group constants are interrelated, i.e., the following ratios are constant (η 2 ):
Multiplying the thermal group equation in Eq. (4) by η 2 , and adding it to the fast group equation results in the simplified equation:
Integrating Eq.(32) twice results in the following relation between the fast and thermal fluxes:
and C 0 and C 1 are the integration constants.
Eq. (33) can be solved for either the fast or thermal flux. Substituting Eq.(33) into Eq. (4), the following equation is derived for each group flux:
Note here that the equality in Eq. (31) was used to obtain the second term on the left hand side. This equation now can be used to determine the particular solution. By inserting the quartic polynomial given in Eq. (22) into Eq.
(36), the five coefficients in the particular solution for the thermal group can be determined as a function of the two integration constants, C 0 and C 1 , by equating coefficients for each order term of the left and right hand sides.
The complete set of coefficients are given below:
The zeroth and first coefficients given in Eq. (38) are not unique because they contain one arbitrary integration constant, C 0 and C 1 , respectively. Noting that in the critical node case, the zeroth and the first order terms are one part of the homogeneous solutions as shown in Eq. (13) for λk ∞ =1, it is possible to combine the terms containing C 0 and C 1 with the homogeneous solution. This means that the two integration constants can be chosen to be zero, i.e., C 0 =C 1 =0, so that the particular solution is now uniquely determined.
II.A.3 Final Solution
The final solution of Eq. (4) is the summation of the homogeneous and particular solutions,
, and can now be written as
So far, the two components of the analytic solution were considered only for one of the two nodes in the two-node problem. As shown in the previous subsections, the particular solution is determined solely by the transverse leakage for the node of interest. Information from the neighboring node is not required. The four undetermined coefficients in the homogeneous solution in Eq. (39), however, must be determined such that they satisfy constraints on the continuity of flux and current at the interface of the two nodes.
Since there are four unknown coefficients per node, there are a total of eight coefficients to be determined in a two-node problem. These eight coefficients are uniquely determined by applying the following eight constraints:
four node average flux constraints (2 groups x 2 nodes), two flux continuity (2 groups x 1 interface), and two current continuity (2 groups x 1 interface). In the following, the determination of these eight unknown coefficients is presented.
The node average flux constraints can be written
with l and r designating the left and right node of the interface, respectively. This results in the following
The two even coefficients of each node can then be determined by solving the above two 2x2 equations. Note that no information is required from the neighboring node.
The odd coefficients are now solved by applying the constraints of continuity of flux and net current at the interface which read:
and
where ζ g n is the discontinuity factor.
Substituting Eq.(39) into above two equations, a 4x4 equation can be obtained as follows:
where the 2x2 matrices Φ n and J n are defined as the following functional of f
the two element vectors consisting of the set of odd and even coefficients are defined as:
and a e n ≡ a 22 n , a 24
the two element vectors for contributions from the particular solution are defined as:
and the scalars being defined as:
with the exponent i being defined as:
The sn′ and cn′ used in Eq. (45) 
II.B Implementation of the ANM Kernel Within the Nonlinear Nodal Method
In a nonlinear nodal calculation, there are two major problems to be solved: a CMFD problem and a set of two-node problems. They are solved alternately with each providing the input for the other problem. The solution of a CMFD problem provides the node average flux distribution to be used in the subsequent two-node problems and the solution of the two-node problems provides the correctional nodal coupling coefficients to be used to formulate a new CMFD problem. There are numerous methods for solving the CMFD problem which involves a fission source iteration for the solution of an eigenvalue problem as well as the solution of a sparse linear system.
In the work here, a Krylov subspace method 2 was employed to solve the linear system appearing in the fission source iteration and the Wielandt shift method 13 was used for the fission source acceleration.
Since the flux distribution as well as the corrective nodal coupling coefficients will not be fully converged until the global nonlinear iteration converges, only partial convergence was achieved for each CMFD problem by updating the corrective nodal coefficients after a fixed number of fission source iterations (usually three to five iterations). The two-node ANM kernel derived in the previous section was implemented into a spatial kinetics code PARCS 14 using the nonlinear iteration scheme described above. The PARCS code also has the two-node NEM kernel.
III. ACCURACY AND STABILITY OF THE TWO-NODE ANM KERNEL
To verify the accuracy of the two-node ANM kernels, a series of benchmark problems including the NEACRP PWR rod ejection problems 15 had been analyzed using PARCS. Since it was possible to extend the two-node ANM kernel to the solution of a transient fixed source problems with the minor additional effort of combining the effective source term into the transverse leakage term, the two-node ANM kernel was verified for the transient problems as well as the eigenvalue problems. In this section, a detailed analysis of the accuracy and stability of the two-node ANM kernel is presented only for a set of eigenvalue problems. The performance of the two-node ANM kernel for the transient problems is reported elsewhere. 6, 16 In the following subsection, the accuracy of the ANM solution will be demonstrated using the NEACRP PWR Spatial Kinetics Benchmark Case A1 problem. The stability of the ANM solution is then analyzed for a slightly modified version of the A1 core configuration such that it introduces near-critical nodes.
III.A. Analysis of the Initial State of NEACRP Case A1
The NEACRP PWR spatial kinetics problem is a three-dimensional benchmark which has been widely analyzed by modern nodal codes. The core consists of 157 fuel assemblies and is heavily rodded in all the benchmark cases. Among the six cases, Case A1 corresponds to a hot-zero-power (HZP) condition in which a large number of rods are inserted causing a very non-uniform radial power distribution (Max. Assembly
Fxy=1.91). The core configuration is shown in Figure 1 .
The initial state of this problem was analyzed using the ANM kernel in PARCS for several radial node sizes, keeping the axial mesh nodalization constant as given in the specifications (18 planes). Corresponding NEM calculations were also performed for purposes of comparison. The number of nodes examined were 1, 4, and 16 nodes/fuel assembly (FA). The calculations were performed on a Sun UltraSparc II workstation with double precision arithmetic. The results are summarized in Table I case. This agrees extremely well with the reference calculation recently performed by PANTHER for which the CBC is 561.2 ppm. 17 As shown in Table I , both ANM and NEM provide essentially the same solution with a very fine spatial mesh Table I indicates that the ANM kernel requires about 20% more computation time than the NEM kernel in the two-node nodal calculations. This is primarily because of the additional computation time necessary to evaluate the trigonometric and hyperbolic functions used in the ANM calculations. However, the total computation time increases by only 8% because the nodal calculation requires only about 40% of the total computation time.
III.B. Modified NEACRP Problem and Numerical Instability
In the benchmark problem analyzed in the previous subsection, there was no case in which the nodal k ∞ is close enough to the core k eff to cause an instability problem, primarily because the flux distribution is relatively heterogeneous and there is substantial leakage in all the nodes. In order to investigate the stability of the ANM solution for a problem with "near critical" nodes, the NEACRP benchmark problem was modified slightly by removing all control rods and reducing the boron concentration from 561.3 ppm to 389.62 ppm. In this case the sixth fuel assembly from the core center on the quarter core axis (the assembly marked A in Figure 1 ) becomes very close to critical with the node k ∞ = 1.0000041 k eff .
When the double precision version of the code is used, this problem still converges and the core k eff is 1.106989 with 4 nodes/FA. Figure 2 shows the individual components of the x-directional intranodal thermal flux variation in the vicinity of the near-critical node at the mid plane, which were obtained from the double precision calculation. The fluxes shown here were normalized such that the core average total flux is unity. In Part a of the figure, which shows the particular solution and fundamental-mode part of the homogeneous solution, it is evident that the particular and fundamental mode solutions are large in magnitude (10 8 ) and of opposite sign for the nearcritical nodes. However, because the large positive and negative terms cancel, the sum of the particular and fundamental solutions becomes the same order of magnitude as the total flux. The magnitude of the harmonic part of the homogeneous solution is one order smaller than that of the sum of the two parts and determines the boundary effects, as shown in Part b of the figure. The sum of all these three components yields the total flux which is smoothly varying over the nodes.
The large magnitude of the particular solution in near critical nodes is because the coefficient matrix A ∞ appearing in Eq. (28) is near singular and highly ill-conditioned. The determinant of A ∞ can be expressed in terms of λk ∞ as:
In this particular case, 1−λk ∞ = 4.1 . 10 −6 which would lead to an amplification of the b gp coefficients by a factor of 2.5 . 10 is the greater the magnitude of the particular solution. With the value 4.1 . 10 −6 , the particular solution of this node is on the order of 10 8 .
The large magnitude of the particular solution should be properly compensated by the fundamental parts of the homogeneous solution to yield a flux on the order of unity. An insufficient number of significant digits in single precision arithmetic, however, can cause an incomplete compensation which in turn will lead to an incorrect solution. In fact, the single precision version of the PARCS code did not converge in this case.
The ill-conditioning problem appears not only in finding the particular solution, but also in finding the homogeneous solution. The 4x4 matrices appearing in Eq. (45) becomes ill-conditioned because the entries in an entire column approach zero as the values of κ and sn(κ1 ⁄2 ) approach zero in near-critical nodes.
This analysis indicates that the nature of the ANM solution, in which a large mismatch in the homogeneous and particular solutions exists for near-critical nodes, will exacerbate round off errors encountered in single precision arithmetic. Because it is desirable to retain the option of single precision arithmetic for practical calculations, various techniques have been proposed for stabilizing the ANM solution. The simplest of these was to move a small fraction of the fission source to the RHS to eliminate the ill-conditioning of the linear systems and this approach has apparently been used in some cases. 10 However, more rigorous approaches are examined here which include first implementing the critical node ANM solution and then employing a hybrid ANM/NEM method in which the NEM two-node solution is used only for near-critical nodes.
IV. STABILIZATION TECHNIQUES
In this section, alternate techniques are described for stabilizing the ANM solution. First, the ANM critical node solution described in Section II.A.2.2 is applied to near-critical nodes as an approximation. A hybrid technique which invokes NEM for near-critical nodes is then described. Consistent comparisons of the methods are performed using the modified NEACRP benchmark problem.
IV.A Linear Fundamental Mode Approximation
The ANM solution for a critical node is characterized by a quartic particular solution and by a linear fundamental-mode in the homogeneous solution. This solution is exact if and only if the node is critical. It is, however, possible to apply the critical node solution to near critical nodes to avoid the ill-conditioning problem.
In this case, the sin (or sinh) and cos (or cosh) function in Eq. (13) are approximated by x and 1, respectively, and there would be error in the solution associated with the approximation. In this regard, this approximation will be referred as the linear fundamental-mode (LFM) approximation.
In this approximation, the ANM critical node kernel is activated with a prespecified criterion, ε. Prior to the two-node calculations, the condition is applied to each node:
and if satisfied the critical node kernel is applied. Otherwise, the normal kernel is used.
The single precision solutions of the modified benchmark problem with the critical node kernel are compared to the reference double precision ANM solution in Table II The sensitivity of the single precision solution to the value of ε was also examined as shown in cases A-3 to A-7 in Table II . As the value of ε is increased, thereby relaxing the criterion for criticality, more two-node solutions are performed with the critical node kernel. This leads to an increase in the error of both the k-effective and the power distribution since the LFM approximation becomes worse as the degree of criticality is relaxed.
The solution eventually diverges in case A-7 when the value of the critical criterion is 1.0, at which all the twonode problems are treated with the critical node kernel.
The error in the intranodal thermal flux distribution due to the LFM approximation is depicted in Figure 4 for two assemblies (marked A and B in Figure 1 ) with different degrees of near-criticality. The intranodal flux distribution was defined as the overlapping of these two two-node solutions. The solid line in the figure is for the same node as shown in Figures 2 and 3 , and the degree of near-criticality is 4.1 . 10 −6 while the dotted line is for a node that has the degree of near-criticality 1.5 . 10 −2 for which the linear fundamental-mode approximation applies in Case A-4. The reference intranodal flux distribution was taken from the double precision calculation. At Location A, the largest intranodal flux error is 0.04%, which is considered small. At Location B, however, the intranodal flux error is much larger than at Location A and the largest error is 0.3%. It is also noted that the errors in the neighboring nodes are not negligible near Location B. Obviously this is due to that the LFM approximation becomes worse as the degree of near-criticality increases. Therefore the switching criterion ( ε) must not be set too large in LFM approximation.
IV.B A Hybrid ANM/NEM Interface Coupling Technique
The derivation of a two-node NEM coupling kernel appears in several references 7 . In addition to constraints similar to those of the ANM kernel, two moment balance equations are applied to determine the polynomial expansion coefficients. Since the NEM kernel involves no particular solution, it does not have the numerical instability as ANM. In fact, it is numerically stable under all conditions. Noting the stability of the NEM kernel, a hybrid scheme is examined, in which the NEM two-node solution is used for any two-node problem involving a critical node.
The implementation of a hybrid ANM/NEM method is conceptually very simple. The same criterion, Eq.(54), is used to identify near critical nodes and activate the NEM solution. If the value of ε is greater than unity in this hybrid scheme, the solution of all two-node problems will be based on NEM. On the other hand, if the value of ε is zero, the solution will be based purely on ANM. For the intermediate values of ε, both the ANM and NEM are used in different portions of the core.
Results are shown in Table III for single precision hybrid ANM/NEM calculations for the modified NEACRP problem with a nodalization of 4 nodes/FA. The first case shown in the table is the single precision solution with pure ANM which diverges. As in the critical ANM kernel cases shown in Table II , a criterion of ε = 10 −3 identifies 60 near critical nodes and the solution again converges to within 0.1 pcm of the reference. However, as shown in cases B-3 to B-10, the hybrid solution does not deteriorate as rapidly as the criterion increases and converges when ε = 1.00. In this case the solution becomes purely NEM and the error in the k eff is about 15 pcm which is similar to the difference in ANM and NEM as shown in Table I for the original NEACRP Case A1.
The accuracy of the hybrid and LFM approximation solutions for various criterion values is compared in Figure 5 for the 4 nodes/FA case as well as for the 1 node/FA case. As indicated in the figure, the accuracy of both methods are comparable for small values of the criterion, regardless of the node size. However, the accuracy of both approximations deteriorates rapidly as the criterion increases beyond 0.01, particularly with the LFM approximation. Therefore, it is recommended that the switching criterion be limited to less than 0.01.
It should also be noted that when feedback is applied to the neutronics calculation (e.g. T-H, xenon, etc), the number of critical nodes could potentially oscillate during the course of the feedback iteration. However, very simple logic can be applied to detect an oscillation and the critical nodes can be fixed during the feedback iteration with negligible loss of accuracy.
V. SUMMARY AND CONCLUSIONS
The objective of the work here was to develop stabilization techniques for the nonlinear ANM nodal solution.
The two-node ANM kernel was derived and two stabilization techniques were introduced which employ alternate basis functions for critical nodes. The first is to use the exact ANM critical node kernel solution for a critical node(LFM approximation) and the second is to employ the Nodal Expansion Method (NEM). Both techniques were shown to perform well and the solution accuracy did not change as long as the criterion used to invoke the stabilized coupling kernel was kept less than 0.01.
The work here provides a practical method for preserving the accuracy of the ANM solution for single precision calculations. Although, the conditions under which a "critical" node may be encountered are infrequent, the stabilization techniques proposed here should be considered for implementation of the nonlinear ANM since there are several applications where divergence of the nonlinear nodal solution can not be tolerated.
